We explore possible resolutions of the solar neutrino problem in the context of Grand Unified Theories. It is known that GUTs which break directly to the Standard Model can give rise to a pattern of neutrino masses with (∆m 2 ) 13 ∼ (10 −6 − 10 −5 ) eV 2 which is in the right range for the MSW solution via (ν e −ν τ ) conversion. We show that the (ν e −ν µ ) mass splitting in such schemes can naturally be in the range (∆m 2 ) 12 ∼ (10 −11 − 10 −9 ) eV 2 . Moreover, the (ν e − ν µ )-mixing can be sufficiently large (sin 2 2θ eµ > 0.2) so that an interplay of the matter resonance conversion and vacuum oscillations of solar neutrinos occurs. New ranges of neutrino parameters which provide fits to the solar neutrino data are found. This hybrid (MSW+vacuum oscillations) scenario leads to peculiar distortions of energy spectrum of the boron neutrinos which should be observable at the SuperKamiokande and SNO experiments.
Introduction
A resolution of the solar neutrino problem in terms of resonance flavor conversion [1, 2] would imply that one of the neutrinos has a mass in the interval m = (2 − 3) · 10 −3 eV
(barring any degeneracy in the spectrum). Such a small mass can be generated by the see-saw mechanism [3, 4] :
where m D is the Dirac mass, m D = h 
The values of masses, Eqs. phenomenology of such a scenario has been widely discussed in the literature [5] .
(ii) If ν e → ν τ conversion takes place inside the Sun, then we take m D ≈ m t , where m t is the top quark mass. In this case the see-saw formula leads to M R ∼ 10 16 GeV [6] which coincides with the Grand Unification (GUT) scale M GU . Thus ν e → ν τ conversion of the solar neutrinos can be considered as an indication of Grand Unified theories. In what follows
we will refer to this scenario as the Grand Unification scenario.
In pure 2ν-case it is impossible to distinguish ν e → ν µ and ν e → ν τ transitions using only ν ⊙ -data. Both ν µ and ν τ are detected by neutral current interactions which are the same (up to higher order corrections) for both neutrinos. The situation can be different if we take into account mixing of all three neutrinos. Of course, a discovery of ν-oscillations by CHORUS/NOMAD [7] or new experiment like E803 (COSMOS) [8] would imply m 3 ∼ O(1 eV), favouring of the intermediate scale physics.
In this paper we reconsider possible signatures of the Grand Unification scenario. We define the scale M R implied by the ν e → ν τ solution of ν ⊙ -problem and discuss its possible relation to M GU (see sect. 2). We show that in rather plausible scenarios ν e → ν τ conversion will be accompanied by appreciable ν e → ν µ vacuum oscillations [9] of solar neutrinos (sect.
3). The interplay of both transitions leads to profound new effects which can be considered as signatures of the scenario (sect. [4] [5] . We then consider possible manifestations of the hybrid (MSW + vacuum oscillations) scenario in SuperKamiokande and SNO experiments (sect. 6).
ν e − ν τ conversion and Grand Unification
Let us focus on the mass of the third neutrino. Using the see-saw formula (2), we can determine M R ∼ M GU from the solar neutrino data (1) and the assumption that the Yukawa coupling relation
holds. That is, the Dirac Yukawa coupling of ν τ equals the Yukawa coupling of the top quark. This boundary condition is satisfied in many GUTs, and in particular in SO (10) . At
Using Eqs. (2),(4) and the two loops renormalization group equations (RGE) for the particle content of MSSM we have calculated the value of ν τ mass as function of tan β ≡ v u /v d for three possible values of m t (see Table I ). We chose α 3 (M Z ) = 0.118 as input and set the effective supersymmetry threshold at M Z . Table I lists the mass of ν τ with M R = 10 16 GeV.
It is evident that the ν τ mass is insensitive to the values of tanβ and m t . This feature can be understood by analysing the one-loop RGE for the Yukawa and gauge couplings and the VEVs v u and v d . The neutrino mass evaluated at a scale µ, assuming the boundary condition (4), can be written as
where the renormalization factor K(µ) is given by
Here 
Thus in contrast with previous statements in the introduction, there is no immediate relation between the mass M R implied by ν ⊙ -data and the GUT scale. However, the proximity of the M R suggested by the solar neutrio data to M GU is encouraging. Let us comment on some possible origins of the factor (0.02 − 0.10).
(i) In general, the Majorana mass M R is generated by Higgs multiplet Φ (e.g., 126 in SO (10)). This Yukawa coupling is not directly related to the Yukawa couplings that give masses to the charged fermions or those that determine the GUT symmetry breaking scale.
Therefore smallness of M R can be related to smallness of the corresponding Yukawa coupling,
for a wide range of tanβ, so even if h maj ∼ h t , one would have
(ii) The scale M R can appear as an effective scale produced due to mixing of ν R with other neutral fermion whose mass is bigger than M GU . For instance, in SO(10) ν R can be mixed with singlet S of SO(10) by Yukawa couping with 16 H of higgses:
The effective M R is then M R ≃ h (iii) The result quoted above, Eq. (7), corresponds to keeping only the third generation.
When all three generations are included, a mixing in the mass matrix of the RH neutrinos can modify the result (7) in such a way that the desired m 3 will correspond to M 3R ≈ M GU .
In particular, for strong hierarchy of the RH masses, M 2R /M 3R < ∼ 4 · 10 −4 , one can get (for fixed m 2 and m 3 ) the mass M 3R ∼ 10 16 GeV. In this case the ν µ − ν τ mixing also turns out to be enhanced [5] .
Concluding, it is natural to expect that the mass M R is produced by some VEV V which is somewhat larger than M R , especially in cases where 126-plet representation is not used.
V can be close to M GU , therefore in spite of the slight mismatch (7) it is reasonable to associate M R with GUT scale. * Let us now turn to the mixing between ν e and ν τ . In the two neutrino case, the mixing angle desired to solve the solar neutrino problem is in the range [10] :
As we will see in sect. 4, the effect of mixing between ν e and ν µ enlarges the region (9) as follows: * There is one notable exception, when M R appears as an effective scale constructed from some low scales: M R = m 2 /µ where e.g., m ∼ 10 9 GeV and µ ∼ 10 3 GeV.
The values of the angle in (10) at the low end are close to the range expected from approximate quark-lepton symmetry. Indeed, taking θ eτ ∼ V td ∼ (4 − 11) · 10 −3 , where V td is the element of the CKM quark mixing matrix, we get sin 2 2θ eτ = (0.6 − 5) · 10 −4 . But the central value in (10) is slightly larger than the value given by V td . Let us comment on some possible mechanisms that would explain such a mismatch.
1) The mass matrices for charge leptons and down type quarks can be different even at the unification scale. In this case there is no reason to expect exact equality of the CKM matrix and the leptonic mixing matrix. Indeed, the failure of the asymptotic mass relations m s = m µ and m d = m e suggests a breakdown of exact quark-lepton symmetry, at least for the lighter generations. Corrections to these bad mass relations often also modify the mixing angle relations between the quark sector and the lepton sector. For example, a minimal SO(10) model suggested in Ref. [11] obtains θ eτ ∼ 3V td . Here the factor 3 is the same Clebsch-Gordon coefficient that corrects the mass relations for light generations [12] .
Such a relation would bring θ eτ to comfortably within the range of (10).
2) If the leptonic mixing is primarily due to mixing in the charged lepton sector, and the relation between masses and mixing are similar to those in the quark sector, one finds 3) It could be the so called "see-saw" enhancement of lepton mixing [13] related to specific structure of the Majorana mass matrix for the right handed components. The total mixing angle can be written as
where θ D l follows from structure of the Dirac mass matrices and θ ss specifies the effect of see-saw mechanism itself [13] :
here θ D R and θ M are the angles of rotation of the RH components which diagonalize the neutrino Dirac mass matrixm D and the Majorana mass matrix respectively;
is the ratio of the eigenvalues of these matrices. We assumed here linear mass hierarchy for the RH neutrinos, (see sect. 3). If for instance (θ
Thus the mass matrixM R with structure similar to that ofm D can lead to sufficient enhancement of mixing.
4) There are simple schemes in SO(10)-type GUT theories which generate large neutrino mixing angles while keeping the quark mixing angles small [14] . Such schemes are motivated by the desire to understand the structure of chargd fermion masses, specifically, the larger hierarchy observed in the upper quark masses relative to the down quarks and charged leptons. In fact, the specific model constructed in Ref. [14] leads to θ eτ ≃ 0.032, which is within the range of Eq. (10).
Parameters of ν e -ν µ system
Let us consider the properties of the ν e -ν µ system within the context of sec. 2. If the mixing angles in the matrixM R are small, then the mass of the second neutrino can be estimated as
For M 2R ≈ M 3R we find m 2 ≤ 10 −7 eV which gives ∆m 
This is in the range where vacuum oscillations on the way from the Sun to the earth are important. For these ∆m 2 12 the oscillation length is bigger than the size of the Sun and matter effect of the Sun can be neglected for the ν e − ν µ system.
We should justify the linear mass hierarchy ofM R assumed above. If the 126 coupling that generatesM R in SO(10) GUTs is unrelated to the charged fermion masses, there is no reason to believe in a linear hierarchy inM R . But it has been known that the same coupling of the 126 can contribute to charged fermion masses, since the 126 also contains a pair of standard mdel doublets in addition to the SM singlet. If such an identification is made, the hierarchy inM R will be naturally linear. This is what happens in the models of fermion masses considered in Ref. [15] .
Note that linear mass hierarchy can also be realized by interactions (8) . for U(1)-invariance, so that the difference in q i between families can account for their mass hierarchy. Eq. (8), after integrating out the S fields, will lead to a Majorana mass term for ν iR which will be suppressed by the same factor λ 2q i . This will result in a linear mass hierarchy in the eigenvalues M iR .
There is another attractive possibility to get ∆m 2 12 in the interesting range given in (13).
In general, formula for neutrino mass can be written as
where m ss is the contribution from the see-saw mechanism and m nr is the contribution from possible effective nonrenormalizable interaction [16] : 
The interplay of resonance conversion and vacuum oscillations
As we have established in sect. 3, the GUT scenario can provide an effect of three neutrino mixing in the scheme with
Due to the mass hierarchy and the smallness of θ eτ angle the three neutrino analysis can be reduced to a two neutrino task.
Indeed, the electron neutrino state can be written in terms of mass eigenstates ν i (i = 1, 2, 3)
as ν e = cos θ eτ ·ν + sin θ eτ · ν 3 ,
Inside the Sun the ν e converts to the state ν ′ = cos θ eτ ν 3 −sin θ eτν (orthogonal to ν e ). Due to smallness of ∆m 2 12 , the system ν 1 − ν 2 is "frozen". In contrast, on the way from the surface of the Sun to the earth vacuum oscillations occur due to the mass splitting ∆m 2 12 between ν 1 and ν 2 , whereas ν 3 decouples: large mass difference ∆m 2 13 leads to averaged oscillation effect or loss of coherence. Taking this into account it is easy to write the ν e survival probability [17] :
Here P V (∆m 2 12 ; θ eµ ) is the 2ν -vacuum oscillation probability characterized by parameters ∆m 2 12 , θ eµ , andP R is the 2ν -averaged survival probability of the resonance conversion characterized by ∆m 2 13 and θ eτ . For sin 2 2θ eτ ≤ 3 · 10 −3 corrections can be safely neglected.
Exact formula has been derived in [18] . The survival probability (17) has the following properties:
Thus, P is an oscillatory function of energy inscribed in the band determined by (18) . The width of the band is ∆P = sin 2 2θ eµ ·P R . If vacuum oscillations are averaged out, we get
These properties allow one to derive immediately several consequences of the interplay of the vacuum oscillations and resonance conversion:
(1) According to (18) , vacuum oscillations lead to additional suppression of the ν e -flux in comparison with pure resonance conversion. As a consequence, new regions of neutrino parameters appear in which one can describe the ν ⊙ -data. In particular, smaller sin 2 2θ eτ are allowed now. Thus detailed study of the energy spectra of 8 B-(and in future pp-) neutrinos as well as determination of seasonal variations of signals will allow one to test the GUT scenario.
New regions of parameters
The interplay of the resonance conversion and vacuum oscillations opens new possibilities to describe the ν ⊙ -data [17] . Some of these new possibilities are presented in [18] . In particular, for small θ eτ , sin 2 2θ eτ ≈ 10 −2 − 10 −3 , high energy part of the boron neutrino spectrum can be placed in the nonadiabatic edge of the two neutrino suppression pit due to resonance conversion. This implies ∆m For GUT scenario with ∆m 2 13 ∼ (4 − 8) · 10 −6 eV 2 , the 7 Be-flux can be suppressed by resonance conversion. Since sin 2 2θ eτ ∼ (3 − 10) · 10 −4 , the pit is narrow and suppression of the high energy part of the boron neutrinos is rather weak. This flux can be suppressed by vacuum oscillations if it is placed in the first minimum of oscillatory curve (see Fig. 1 ). For pp-neutrinos one gets then the averaged oscillation effect. Thus we arrive at configuration with resonance conversion pit at small energies and vacuum oscillation pit at high energies.
The region of parameters where this configuration gives good fit of data is shown in Fig.   2 , where we consider SuperK as a separate experiment from Kamiokande. Thus in the χ 2 -analysis it is one degree of freedom for the hybrid solutions, and three degrees of freedom for 2ν solutions. Fig. 2 also shows 2ν MSW solutions for combining SuperK data with Kamiokande as one experiment (two degrees of freedom).
It is impossible to further diminish ∆m and SNO [19] experiments.
Using energy resolution function for electrons [20] we have found the ratio R e of expected (with conversion) number of events S(E vis ) to predicted (without conversion) one for different values of oscillation parameters (Figs. 3,4 .):
where E e is the total energy of recoil electrons and the original neutrino flux is Φ(E ν ). The energy resolution function can be written as † :
Experimental table of σ (for SuperK) is used in our calculation but an approximate relation is
. We show also the R e measured by SuperK during 201.6 days [21] . Fig. 3 correspond † For ideal energy resolution, f (E vis ; E e ) goes to δ-function.
to pure MSW-solution (3a) and pure vacuum oscillation solution (3b). As follows from Fig.   4 , the integration over neutrino energy and on electron energy weighted with resolution function leads to strong averaging out of the oscillatory behaviour. Indeed, for present water Cherenkov experiment like SuperK, the full width at half height of the energy resolution function is around ∼ 3 MeV which is bigger or comparable with "period" (in the energy scale) of the oscillatory curve. The most profound effect follows from first (the widest) minimum of the oscillatory curve. In spite of the strong smoothing there is still a number of observable consequences:
The vacuum oscillations can enhance (Fig. 4a) or suppress (Fig. 4b ) the distortion slope of the recoil spectrum due to the resonance conversion alone. They can lead to negative slope ( Fig. 4c) or to appearance of minimum (Fig. 4d ) in the dependence of R e on energy E. Obviously some of distortions like in Fig. 4c (and corresponding oscillation parameters)
are already excluded by 201.6 days data. The smoothing effect is weaker in SNO experiment:
The intergration over neutrino energy gives smaller averaging and energy resolution is slightly better. One needs experiments with at least two times better energy resolution (like HELLAZ [22] ) to measure oscillatory energy dependence of the flux. 2. Within the same context we have found that the oscillation parameters of ν e → ν µ system can be naturally in the ranges ∆m 
, are fixed in the following way:
The thin solid lines correspond to (sin 2 2θ 12 , ∆m Figs. 4a -4d. The same things as in Fig. 3 . but for MSW+vacuum oscillation cases.
Curves in Fig. 4b-4d . are not normalized. 
